Functionally recursive rings of matrices-Two examples 



Abstract. We define the notions of finite-state and functionally recursive ma- 
trices and their growth. We also introduce two rings generated by functionally 
recursive matrices. The first is isomorphic to the 2-generated free ring. The 
second is a 2-generated monomial ring such that the multiplicative semigroup 
of monomials in the generators is nil of degree 5 and the ring has Gelfand 
Kirillov dimension 1 + where a = ^^y^ . 



Infinite dimensional matrices which are recursively defined and rings generated 
by them have received attention stimulated to some degree by works on represen- 
tations of the group algebras of the infinite torsion groups of Grigorchuk and of 
Gupta-Sidki |10j . [13] . [1], [H]. The most recent formulations of notions of matrix 
recursion are due to L. Bartholdi in [2] and in the software 3 with applications to 
group algebras and by R. Bacher in [l] with applications to Dirichlct characters. 

In the first part of this paper, we consider vector spaces having for base a 
finitely generated free monoid and we consider linear transformations which leave 
invariant the span of monoid elements of equal length. Following the model of tree 
automorphisms, we define or re-define the notions of finite-state and functionally 
recursive matrix transformations. We also extend the notion of growth of tree 
automorphisms to matrix transformations. 

In the second and longest part of the paper we introduce two recursive rings 
as case studies. With the proper definition of recursive matrices, we prove the 
following results. 



over Z. Then Ri is isomorphic to the free 2-generated ring. 

The matrices s,t in Ri are functionally recursive of exponential growth. Even 
though they are not finite-state, the linear spans of their states have finite rank. 
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Theorem 2. Let R2 be the ring generated by s = ^ ^ Oy'^~ 
over Z. 

(i) Let IJ,{R2) be the multiplicative semigroup generated by s,t. Then ^(-R2) is nil 
of degree 5 . 

(ii) Let X be the endomorphism of the free ring F = {a, r) defined by X : a ^ t,t 
ar. Then R2 affords the monomial presentation {a,T \ Ui = {i> 1)) where 

ui = a^, 

U2i = T. {U2i-l) , 
U2i+1 = {U2i)^ («>!)• 



(Hi) The Gelfand-Kirillov dimension of R2 isl + where a = ^'^^ ■ 

The matrices s, t in i?2 are finite-state and have bounded growth. More detailed 
information about the structure of R2 and its quotients can be found in the text. 



2. Tree indexed linear spaces and linear transformations 

Let Y = {2/1,2/2, 2/m} be a finite alphabet with m > 2 elements, S the set of 
finite sequences on the alphabet Y (or words from the free monoid freely generated 
by Y), Sn be the subset of S of sequences of length n > and denote the empty 
sequence by (j). Then, 

S = {(I}}U {yS \yeY} = U„>o5„. 

The order on Y may be extended to S in two ways. The first is lexicographic. 
The second order is length-lexicographic, where first we compare lengths of two 
sequences and then order lexicographically those sequences of the same length. 

Let k be field and V/k be the vector space with basis S. li u £ S then let uV 
denote the linear span of uS and Vn denote the k-span of Sn for all n > 0. Then, 

F = k<^e^j/y = u„>oK. 

yeY 

On repeating the first decomposition, we obtain subspaces uV of V where yuV < 
uV for all y G y, M G S; thus, the subspaces uV form a one-rooted tree T^. 
The space V can also be seen as the tensor space k © ^ {&U) where U = Vi, 

i>0 

Vi+i = &U for i > 1. 

We consider endomorphisms L of V which leave Vn invariant for all n. Thus 
L corresponds to an element of direct product ring E (Tm, k) = TT Endk (Vn) 

which is clearly residually finite dimensional. Another form for L which interests 
us is the following 

{(j)) L = L^cj), 

(y.u) L = ^y'. (U) Ly^y, 

y'eY 

where e k and where Ly^y' e E (T^, k) for each pair y, y' e Y. 
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Using the length-lexicographic order on S and writing the vectors in row form, 
we get a matrix representation of L G E {Tm, k) in block diagonal form 



L. 





mxm 
Lr, 







V 



where Lr„n x is the matrix of the transformation L„ induced by L on for all 
n. The ring of matrices [L] is denoted by M {Tm, k). 

On the other hand, on using the lexicographically ordered basis S we obtain 
the matrix representation of L as an (m + 1) x (m + 1) block form 





{[Ly.,y,]), 



The set of matrices [L] is denoted by M (T^, k). 

We note that in the first matrix representation \L~\ the block L 



entries the values of Ly^yr at 4> and the entries of the block L^^xmS the values of 



mxm 
m^ xm' 



has for its 



{Lyy)y„ ,y,„ at (j) and so on. 

Define the set of states of L as 



Q{L) = { 



L(f,, [Ly.y'] , 

i-^y)<j>' i-^y,y')y" ,y"' 



Example 1. Automorphisms of the binary tree 

Write 2/1 = 0,2/2 = 1- Then automorphism of the tree a 
and in M(T2,k) as 

/ 1 . \ 

(72x2 
CT4x4 • 

V . . . . / 



(/)—>(/), Om iu is 



where (T2x2 



1 

1 

sented in M (T2, k) as 



)0'2<+ix2<+i = 0'2<x2* (81/2x2 for i > 1. Also, a is repre- 




A general automorphism of the binary tree has the form a = {ao, ai) (inactive) 
or a = {ao, ai) a (active) in M (T2, k) as 



/ 1 . \ 

/2 . 

a4x4 • 

V • • • J 



or 



/ 1 . \ 

(72x2 

a4x4 • 

V . . . .J 
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where in the first case 04x4 = ( ^'^^'^ ^ ) and in the second case 04 

/32X2 
72X2 




72x2 

((T2x2 <S^ h)- In M (T2, k), a is represented as 

/I \ 

H = [ao] or 
V [ai] J 

according to the two cases above. 

We extend the definitions of finite-state and of functionally recursive automor- 
phisms of rooted regular trees in [6j to M (Tm, k). 

Definition 1. 1. A matrix L G M(Tm,k) is said to be finite-state provided 
Q (L) is finite. 

2. A finite set of matrices {Ni \ i — l...,v} m M (T„j, k) is said to be functionally 
recursive provided each of the states {Ni)^ y, is the value of some polynomial in 
non-commuting variables with constants from M (m + l,k), evaluated at the Nj 's. 
A matrix L is said to functionally recursive provided it is an element of some 
functionally recursive set. 

A finite-state matrix is functionally recursive. Both sets of matrices form k- 
algebras. The notion of finite-state transformation may be extended by assuming 
the space generated by the states to be finite dimensional. 

Our constructions in the large algebra M (T^, k) often deal with sequences of 
transformations which are convergent in some sense, or have a special growth type. 
We formalize a notion of convergence in a more general setting. Let {Wifk | « > 1} 
be a sequence of finite dimensional vector spaces with dim(Wi) — nii, let Li £ 
Endii (Wi) and define = rank{L^) ^ Ut^^^^qj- ^]^g usual operations, the set of se- 
quences {Li I i > 1} form a k-algebra. We say that the sequence {Li | ? > 1} con- 
verges provided the sequence r — {ri \ i > 1} converges. It is direct to show that 
the set of convergent sequences of transformations is a k-algebra. Clearly, if the 
Li's are invertible then r is the constant sequence 1. Also, those sequences of 
transformations whose r converges to form a k-algebra. 

One notion of growth for an automorphism a of a tree counts the number 
of active states in {a„ \ u ^ Sn} for each n [111 . We give here an additive form 
of this version of growth. Consider V as the tensor space k © {&U), where 

i>0 

Vb = k and Vi+i = &U for i > 1. Let id{U) be the identity transformation on 
U. Then End]^ (Vi) embeds in Endy^ (V^+i) via the map Li Li® id{U). Define 
dLi^i — Lj+i — Li I® id (U) for j > 0. We define the growth function associated to 
the sequence {dLi\ i >1} as / : « ^ rank (dLi). The set of sequences {Li\ i >!} of 
a given growth type form a k-algebra. 

3. A free 2-generated ring 

/ 1 

Let s — 





















/ 


I ,t = 







2s eM(T2,Q 


)). Write 


V 





2s / 


V 





2t / 





2s r \ 2t 
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for short. Then s,t are functionally recursive and have exponential growth. Let R 
be the ring generated by s and t. 

Given a monomial m = s^^P^ ...s^^P' , where ii, are non-negative 

integers, let |m| denote its formal length ii + ji + ... + + ji- We find that for 
h > 0,ii > 1 and m' = s'H^\..s''P' , 

2l™l-^ist-'i-im' 
2l™lm 



m = 



Lemma 1. The generator s is transcendental in R. 

Proof. Suppose not. Let p{x) = atx^ be a non-zero polynomial of 

minimal degree / such that p (s) = 0. Note that s is invertible in M (Q, T2) and so 
ao 7^ 0. Now, from the matrix form 

/ \ / X^O<i<( ^ 

^^''~[ "0" Eo<i<iW 

^ tti = 0, ^ = 0. 



we have 



0<i<l 0<i<l 



Therefore, 



J2 - Gis' = ^ (2* - 1) ais' = 0. 

0<i<l 0<i<l 

It follows that (2* — 1) ai = and so, = for all 1 < i < /. Thus, J2o<i<i ~ 
ao = 0; a contradiction. □ 

A word w in ii has the form 

w = 'Y ais" + ^ bktnk, 

0<i<l l<k<n 

nik = s^^^""'h^^^""''^m'k, where ii {mk) > 0,ji (mfe) > 0. 
The matrix form of w is 



W = 



"0 Eo<.<i2^a^s^ + Ei<fc<„2i"'-i6,mfe 



Proof of Theorem 1. 

Suppose there exists a non-trivial word w such that w = in R. By the previous 
lemma, we may assume 6„ ^ 0; choose w having minimal v such that 6„ ^ 0. Then, 



Y tti = 0, 

0<i<l 

0<i<; l<k<n 



l<k<n 

We eliminate the leading term of w: 



l</c<i-l 
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By the minimality of w, 

(2' - 21™"!) Ui = 0, (21™'=! - 2l™"l) bk = 0. 

If Oi ^ for some i, then i = |m„| and aj = for all j ^ i: but, as X]o<j<m '^i ^ 
we have a contradiction. Hence, w = X]i<;;<„ f'/cWfe and Ito^I = |to„| for all fc, and 
as s is invertible, 

2\m„\-himk)i^^^jiimk)-l^>^ ^ q 

l<k<n 

Suppose there exist k ^ I such that P^^""''>-^m'^. = P'^""'>-^m[. It follows that, 

ji (mk) + Im'fcl = ji (mi) + \m[\ . 
Now, since mfe = s*i(™'!)tJi(™'!)7nJ_ and |mj,| = |m;| we have 

|mfe| = ii (mk) +ji {mk) + \m'k\ , 

ii {mk) + ji {mk) + Im'fel = ii (m;) + ji {mi) + \m'i\ , 

h {mk) = ii {mi) , 

mk = mi. 

Therefore, k = I; a contradiction. Hence, by minimality of w, we obtain 2l'»''l-'i('"'=)6fc 
and bk = for all fc; a final contradiction. 

4. A 2-generated monomial ring 

/ 

Let s 
























• 


I" : 





t 1 gM(T2,Q 


)). Write 


\ 


I 














\ / t 

1 J' \0 s 

for short. Then s, t are finite-state transformations and both have bounded growth. 
Let R be the ring generated by s and t. 

Before stating results about the ring i?, wc introduce some notation. For a 
general ring A generated by a set X, let ji {A) denote the multiplicative semigroup 
generated by X. 

Given u G /i {A) we let |u| denote the formal length of u as a word in X . For 
w & A, let 5 {w) denote the nilpotency degree of w; if w is not nilpotent, then let 
5 {w) be infinite. 

Let ran (^4) , Ian {A) the the right and left annihilators of A, respectively. 
Also, define the ascending left annihilator series Li {A) — Ian {A) , ii+i {A) = 
lan{A,Li{A)) (that is, ^tii^) ^ ;„„j^_A_^^^ ^ [Jl,{A) and R = 



We will prove in the next sections various properties of R. Some of these are 
gathered below. 
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Theorem 3. (i) The ring R is torsion-free and has infinite 1-rank. 
(a) The element w = s + t is transcendental over Z. 
(Hi) The ideal ran{R) = 0, and the ideals Li (i?) are nilpotent 
with Li+i (R) > Li (i?) for alli>l. 

(iv) The ideals ran (i?) = Ian (i?) = 0. Furthermore, R has infinite Z-rank 

(v) The semigroup /i {R) is nil of degree 5 and /i (i?) is nil of degree 4. 

(vi) The ring R modulo the ideal generated by {tst)^ has finite Z-rank. 

(vii) The ring R affords the monomial presentation in Theorem 2. 

4.1. First structural information. Let R = Z1®R. Then, R < M2x2 (-R) 
and we have the following decompositions 



R = Rs®Rt = sR® tR. 



Let T = Rt = {t, st). Then T is a proper subring of R and the projection (p : t = 
^ ^ ggf=(^^\^l extends to an epimorphism (p : T ^ R; in 



s J ' V K 

other words, the ring R is recurrent. Therefore, we conclude from R = RsOT that 
R has infinite Z-rank. We decompose R in terms of T. 

Lemma 2. R = Zs® stfs st.f ® t.f.s ® t.f. 



Proof. 



R = sR®tR = s{Z®R)®t{Z®R) 

= Zs®s {rs ® Rtj eztet (Rs e Rtj 

= Zs® sRs e sRt ®Zt® tRs e tRt 

= Zs®s(z®Rs®Rt^s®s(z®sR®tR^t®Zt® 

t(z®Rs®Rt^s® tRt 

= Zs® sRts © (Zst © stRt^ © © (zts © tRts^ © tRt 

= Zs®s^Z®sR® tR^ ts © ©st.f © t.f.s © t.f 

= Zs © stfs © st.f © t.f.s © t.f. 



□ 



The above decomposition provides us with five monomial types. 
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Lemma 3. Elements of n (R) have the following five matrix types and nilpotency 
degrees: 

t.v {t, st) = ( I'l^^^^l ) , S {t.v {t, st)) = 5 {s.v is, t)) or S {s.v {s, t)) + l; 

st.v{t,st) = ) ''^(■^*-^(^' ■5^)) = '^(^-^ 

t.v it, st) = ( I'l^'^^l {t.v {t, st) .s) = 5 {s.v {s, t)) or S {s.v {s, t)) + l; 

st.w {t, st) .s = I ) ' {st.v {t, st) .s) = S {t.v {s, t)) . 

The following short list of monomials and their nilpotency degrees will be help- 
ful in later computations. 

Lemma 4. The monomials of length at most 3 are 

00\^ f t \ 2 f t 

t= „ ],s^ = 0,ts=' 



10/' \ .s / ' ' V s 



2 





ts ^ 




' 






; 


. 


st 1 



= [t =[o ij'* =0- 

The nilpotency degrees of these elements are as follows: 
d{s) = 2,S{t) =3,6{ts) ^ A, 
S (st) = 3, (5 {t^) =2,5 (tst) = 4, 
6 {sts) = 2,6 {t'^s) =4:, 6 (st^) = 4. 
We are now able to prove a number of important properties of R. 
Proposition 1. (i) (Contraction property) Letv e A*(i?) and let \v\ > 3. Then 
V = ( ^ ) ( n ) where Vij € A* (i?) and \vij\ < \v\. 



V22 J \ V21 

(a) Let u,v be non-zero monomials such that u = v in R. Then, u is freely equal 
to v. 

(Hi) R is a monomial ring. 

(iv) Monomials of R are nilpotent. 

(v) Let u = s + t. Then u is transcendental over Z. 

Proof, (i) First check that the contraction property holds for monomials of 
length 3. Now the assertion follows from Lemma 3, by induction on the length \v\. 

(ii) Proceed by induction on max{|u| , |w|} and assume \u\ < \v\. Prom the 

^12 \ ^ ^ Vi2 
U22 / \ V22 

By the contraction property, we may assume furthermore, \v\ < 2. The assertion 
follows by checking the list. 

(iii) Let Vi he formally distinct monomials and £ Z {i = 1, ...,k). If 
Si<i</c ~ ^' tlisn we will show that rij = for all i. 



matrix representations of u, v, we may assume u = 
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Proceed by contradiction. Choose k minimum and let Vi ^ n {R) be such that 
J2k I'^il is minimum. We represent Vi as in Lemma 3 above. Let 

/ = {1, k},h={l\ ^0},l2 = {t\ {V^),, = 0} . 

Then, J2k "•^^^ = X] {"»^» \ i ^ h} + J2 \ i e h} ^ implies 



Suppose h is nonempty. We have for all i € h, Vi = tWi {t, st) = 



t.Wi(s,t) 
s.Wi (s, t) 

where |(ui)i2l = \t-Wi{s,t)\ < \vi\ By induction on length, for every i in Ji, there 
exists j ^ i in Ii such that t.Wi{s,t) = t.Wj{s,t). Therefore, t.Wi{s,t),t.Wj{s,t) are 
freely equal and so, Wi{s,t) = Wj{s,t) and Vi = Vj] a contradiction. 

Similarly, it follows that {i G I | {vi)-^^-^ 0} is empty. Hence, for all i in / we 

have V, = st.w, [t, st) .s = ^ ^^^^^ l)^'^i = '^-m [t, st) = ( [] ^ ^^^^^ 
We repeat the argument above for the partition 

Ji = {i G / I {vi)^^ ^ 0}, J2 = {i e 7 I K)22 = 0}- 

(iv) Let V G n{R). Then, = for < 2. Suppose 3 < \v\ and v = 
^12 j Then, as |t;22| < \v\ we have t;22 is nilpotent, say ^(i'22) = n. Now 

= I ''^12^'22 I £qj, g^jj i > 1, we conclude = 0. The case where 



smcc V = 



vl^ 



^ _ / ^^11 1^ I ig similar. 
V ^^21 y 

(v) Let It = s + For all n > 1, w" is the sum of all non-zero monomials 
of length n. Since ji (R) is infinite and i? is a monomial ring, it follows that u is 
transcendental. □ 

Since i? is a monomial ring, it follows clearly that R is torsion-free. 

4.2. Right and Left Annihilators. A subring J7 of i? is called a monomially 
closed provided ifw^U and w = J2'^i where Ui & /j. (i?) then Ui G fx {U). If u G R 
then let ran (u) and Ian {u) denote the right and left annihilator of u, respectively. 

Lemma 5. Let u he a homogenous element in R. Then, ran{u) and lan{u) 
are monomially closed. 

Proof. The element u = J2 niUi where the Ui 's are distinct monomials of the 
same length. Suppose w = '^rnjWj G ran {u) where the Wi are monomials and the 
sum is reduced. Then, uw = '^^ninijUiWj = and so, UiWj are distinct or null. □ 

Lemma 6. (i) lan{s) = Rs, (ii) ran{R) = {0}. 

Proof. Since Ian (s) and ran (R) are monomially closed, it suffices to describe 
the monomials in these subrings. We will use in our analysis the five types of 
monomials u in Lemma 3. 

(i) We note that u G Ian (s)n/L( (R) if and only if u = s, t.w (t, st) .s, st.w {t, st) .s 
and these clearly generate Rs. 
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(ii) Suppose s.u = t.u = 0. We check that u = or \u\ > 3. Suppose 
u = twit, St) = sw(s i) )■ t.wis,t) = 0,ts.wis,t) = 0. It follows 

that s.w{s,t) € ran{R) and by induction, s.w{s,t) = 0. Therefore, we have 
t.w{s, t) = 0, s.w (s, t) =0 and w{s, t) e ran (R), w{s, t) = 0. □ 

Proposition 2. The ideals in {Li (R) | i > 1} are nilpotent and distinct. The 
quotient ring ^^-^ has infinite Z-rank. 

Proof. Note that u e (L,) if and only if = for all w G fi (R) of length 
i. This shows that L (i?)^ = {0} and more generally, Li (i?)^^' = {0}. 
Define the sequence 

xi = ts, Xi+i {s,t) = Xi {s^ty^ = Xi [t, st) for all i > 1 

and 



Ui = Xi for all i>l. 

Then 

X2 = si^ = ( H ] ,X3 =t{stf = ( ^"^2 ) ,x^+l = ( ^ ^. ) fo^ all i > 1; 





^ 












I , Xi+i = 


I 


Xi 1 



2/1 = it^f=[st^ ll)'^2=(o «J'^^+^=(!5 yJforalH>l. 

Since yis = 0, yit = 0, we conclude that y\ € L\ = lan{R). Furthermore, 

S!)'^2^=(o ) andso,y2eL2\ii. 

More generally, yi S Li\Li^i (« > 1) follows from 

S 

Suppose R = ^ "^^j^^ has finite rank. Then. R is finite over Z2 and is therefore 

nilpotent, say of degree m. Hence (s + f)™ G Lqo and it follows that s + f is 
nilpotent; a contradiction. □ 

Lemma 7. The right annihilators ran ^77:^^? ran \r) ^ ^''^ 

Proof. Let w G R such that sw, tw G Zan (i?). Then, sws, tws, swt, twt arc all 
zero. From s (ws) — t (ws) = wc obtain ws = and likewise, wt = 0. Therefore, 

e lan{R). Hence, ran (^ j^^fi^ ^ = {0}. By induction, ran (^j^j^^ = {0} and 

(ot) = {0}- ° 



w 

ran 



4.3. Powers of monomials. The semigroup /i (R) is nil of degree at least 5. 
In order to calculate powers of monomials we need to evaluate words of the 
form (tw) {swY and {sw) {twY, as in 
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{tW {t,St)) 



{tw {t, st) s)*' 



k _ f tw Y _ [ (tw) (sw)'' ^ 



sw J {swf 
tw _ [ [twf 



sw Q ) \ {sw){twf~'^ 



Proposition 3. For- any in e fi (R) of length greater than 2 and for any k> 1 

the non-zero block entries of elements of 

S{w,k) = ^{tw) (sw)'^ , (sw) {tw)^ , (tw) (tsw)'' , {tsw) (stw)'' , (tsw) (t^w)''^ 

belong to [J{S{v,k) \ \v\ < \w\}. 

Proof. First, check that S{w, k) = {0} for w = sw' or t^w'; thus, we need to 
verify the assertion only for w = tv{t, st), tv{t, st)s. 

1. Let w = tv{t, s<) = ll\ 

/ \ , f tsv 
= [o tv )'''^=[o 

= (o tL)^*'''={o Itl 

{sw) (tw) = 0, t'^w = 0, {tw)'^ = 0. 

Therefore, 

{sw) {tw) = 0, {tw) {sw)'' =(^^ {tsv){tv)'' ^ ^ ^^^^^ ^^^^ ^ 

/. \ / \k f {tsv) (to)*^ \ \ \k f {tsv) {stv)'' \ 

{tw){sw) = I ^ ' j,{tw){tsw) = ( Q Q ) 



('^"^ = [ \ltl) {tlv)" ) ' ^^'"^ ('^"^ - V {tsv) {stv) 

tv 
sv 

/ \ , f tsv 
= [tv 

/ \ , / thj 
= [tsv )^''''=[stv 

t'^w = 0, {tw) {sw) = 0, 

. w, sfc f ^ \ u f {tsv){t^v)'' 0\ 

= [{tv){tsv)' =[' ^ oj 



{t^v){tsv)';\ a^^O 



2. Let w = tv{t, st)s = ( ^ ]. Then, 



stw{tsw)'' = ( w,2 ^fc n ] , (tsw) {tw)" = . ,, 
V (fsi;j [t v) J \ stv {tsv) I 

{tsw) {stw) = 0. 

□ 
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Lemma 8. The quotient of the ring R by the ideal generated by {tst)^ has finite 
Z-rank. 

Proof. Let u = tst and A'' be the 2-sidcd ideal in R generated by u^. Wo need 
to consider only monomials which contain the subword t'^. Since = (st)^ = 0, 
non-zero monomials which contain two occurrences of t^ have subwords of the form 

t^st^ ^t^stst^ . From the form ui^ = tst^st^st, we conclude there are only a finite 
number of monomials in ^ with subwords N + t^st^ . A long enough non-zero 
monomial in will contain a subword N + tstst^ stst^ stst^ stst = N + where 

V = tstst = ^ Q ^ ) but as v'^ = 0, wc are done. □ 

Proposition 4. (i) The set S{w, 4) = {0} for allw G n {R). 
(a) The set S{w,3) is contained in Lqo 
(Hi) /U (i?) is nil of degree 5. 

(iv) The semigroup ji ^x~Jr)) ™' ^/ degree 4. 

Proof. First we evaluate the set S {w,k) for all monomials w of length at most 
2; therefore, we need to substitute only w = l,t,ts. The set of values produced is 



ts\st'',t{ts)\{ts) {t^)\t^ {st)\ 
(tst) {st^)\{sts) {t^s)\{t^s) {tsf" 



M (fc) = I 

More specifically, we find 

M(l) = {ts,st,t^s,tst^,t^st,tstst^,stst^s,t^ststs} , 
M(2) = ^st',t{tsf .t'istf ,{tst){st'f ,{sts){t'sfY 

M(3) = {t{tsf ,{tst){st'f ,{sts){t'sfY 
M (k) = {0} for k>4. 

(i) To prove 5(^,4) = {0}, we proceed by induction on the length of w. The 
fact M (4) = {0} takes care of the first step of the induction. Suppose w has 
length greater than 2, then by the previous proposition, S{w,A) is contained in 
U {S{v,k) I \v\ < \w\} and thus we arc done by induction. 

(ii) We note that (ts)'^ , (st^) , {t^s)' G {R) and therefore M (3) is contained 
in L2 (i?). By induction on the length of w and by using 

Li{R) L,{R) 
U{R) Li{R) 

we reach S {w, 3) < Loo {Ti)- 

(iii) To prove that w £ /j. (R) is nil of degree at most 5, we proceed by induction 
on \w\ and use part (i) above. To prove that the degree is exactly 5, it is sufficient 
to check that 6 (tst^s) = 5. 

(iv) To prove that wJ e /it (R) is nil of degree at most 4, we proceed by induction 
on \w\ and use part (ii) above. Suppose the nil degree is less than 4 then u = (tst) G 
Loo (R) and by Lemma 9, R has finite Z-rank, which contradicts Proposition 2. □ 

We note here that /x (R) is not a maximal nil multiplicative semigroup. Indeed, 
for u = s + t^, we easily check that 5{u) =8 and 

u.fi (R) , fj, {R) .u < ^ (i?) ; 



nR< Li+i {R) 



SHORT TITLE 



13 



thus, the multiphcative semigroup {u,s,t) is nil of degree 8. 

4.4. Presentation of R. Recall the elements ui = cr^, U2i = T.U2i_n U2i+i = 
{i > 1) in the free ring F = {a, r) and the endomorphism of F defined by 

A : (7 — »■ T, T — > (TT. 

Proposition 5. The ring R has the presentation 



Proof. (1) By Proposition 1, if w (s, = is a minimal relation then w (s, t) 
is a monomial. 

(2) Let w{s,t) = be minimal and w{s,t) = v{s,t)s. Then, by Lemma 6, 
V (s, t) € Ian (s) = i?„s and thus, w (,s, t) — s^. 

(3) Let w{s,t) = and w{s,t) ~ v(s,t)t. Then, by Lemma 3, w{s,t) = 
stw' (t, st) or tw' {t, st). 

(3.1) Uw{s,t) = stw' {t,st) then w(s,t)'^ = tw' {s,t) = 0. 

On the other hand, tw' (s, t) = ^ stw' {t, st) = {tw' (s, t))^ = 0. 
We assert: tw' (s, t) = not minimal w (s, t) = stw' {t, st) = not minimal. 
For suppose, tw' (s,t) = tuiU2 and U2 = 0. If U2 = tX2 then w{s,t) = 
st {ui)^ {u2)^ and (^2)^ = st {x2)^ = and not minimal. 
Similarly, if ui = r\tr2- 

As U2 = 3x2, we are left with the possibility tii empty; that is, w' {s,t) = U2- 
But then, tw' {t, st) = and w {s, t) = stw' {t, st) is not minimal. 

(3.2) If w (s, t) = tw' (i, st) then w' (s, t) = 0. 

Wc assert: w' (s, t) = not minimal w (s, t) = tw' (t, st) = not minimal. 
Suppose w' (s, t) = U1U2U3 where U2 = minimal and ui or U3 non-empty. 
Furthermore suppose w (s, t) = minimal. 
We have, w (s, t) = t (ui)^ ("2)'^ ("s)'^- 

If Ui is empty then w (s, t) = t (^2)^ (^s)'^ aiid t (^2)^ = 0, U3 empty; contra- 
diction. 

We may assume ui ^ 0. 

If U2 = tu'2 then (^2)'^ = 0; thus, U2 = su'2- 

If Ux = u'ltu'l then w{s,t) = t{u'i) {tu'{u2) (ua) and {tu'{u2) = 0; contra- 



Then, ui = s and so, w' (s, t) = s {su'2) "3 =-s^W4. As = 0, we are done. 
Hence, the set of minimal monomial relators is 



(a,T I =0 {i > 1)). 



diction. 



Ui (s, t) = S^, U2t (S, t) = t.U2t-l (s, t) 
U2i+1 {S, t) = U2i (S, t)^ {i > 1) 




where X : s —>■ t,t —>■ st. 



□ 



4.5. Growth of R. Let F (n) be the number of non-zero elements of fi {R) of 
length at most n. This function is the growth function for /x {R) and also of R. Let 
V (n) to be the set of non-zero elements of /z (i?) of length n and let / (n) =| V {n) | . 
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Computer enumeration provides the following values 

fin) = 2,3,4,5,7,8,9,11,13,15, 

16, 17, 19, 21, 24, 27, 29, 31, 32, 33, 

35, 37, 40, 43, 46, 50, 53, 56, 59, 61, 

63, 64, 65, 67, 69, 72, 75, 78, 82, 85, 

89, 94, 98, 103, 107, 110, 114, 117, 120, 123, 

125, 127, 128, 129, 131, 133, 136, 139, 142, 146, .... 

We note the occurrence of powers of 2' (1 < i < 7) in this list. This suggests 
that / (flj — 2) = 2'~^ for i > 4 where is the ith term of the Fibonacci sequence 
(ao = 0, ai = 1, at = at-i + ai-2 for i > 2). The proof of this observation is a 
lengthy argument. The appearance of the Fibonacci sequence can be explained in 
part by the fact that the linearized form of the endomorphism X : a ^ t,t ^ ar 
which produces the relations of R, has the matrix representation 



A - I 1 1 I , (A j - 



for all i. 

To start we show 



Lemma 9. Suppose f is strictly monotone increasing and that f {ai — 2) = 2* ^ 
for all i > 4. Then, 

in^ < / (n) < 2n'= 

yjherec^'^,a = ^. 

log(a) ' 2 

Proof. First, we recall that , 

q;*"^ < Oi < q;*"-^ 

holds for alH > 3, where a = ^'^^ ■ 

Let n be a length of a nonzero monomial and let k be such that Ok <n < ak+i- 
Then, 

a^~'^ < n < , 
log„ {n) < k< log„ (n) + 2 
Since / is a strictly monotone increasing function, we have 

/(ofc) < f{n) < /(afc+i), 
2iog„(n)-3 ^ 2*=-3 < f{n) < 2*=-^ < 2^°Sa(")+i 

and thus 



^n^ < / (n) < 271^ 



We will reduce the problem of the growth of V (n) to the growth of 
W{n) = {vGV (n) \sv^O,tv^O}, 

by showing that 

g{n)=\W{n) |=/(n + l)-/(n), 
the discrete derivative of /. 



□ 
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Toward this end we let U be the set of monomial relations of R, 

s\U = {v\sv€U}, t\U = {v\tv€U}, 
(n) = {u e y (n) I si; = 0} ,« V (n) = {v G V (n) \ tv = 0} , 
-V{n) = {v€V{n)\sv^Q},jV{n) = {v£V(n)\tv^Q}. 
Lemma 10. \W {n) \ = g{n) for all n > 1. 
Proof. As ran {R) — 0, wc have 

sV{n) < jV{n), tV{n) < jV (n) . 
Then, V (n) is partitioned as 

V{n) = sV{n)U tV{n)UW{n), 
sV{n) = s {tV {n)) U sW {n) , 
tV{n) = t{sV{n))UtW{n). 

V{n) = sV{n)U sV{n)= tV{n)U jV{n), 
= jV{n)UjV{n). 

We have 

V{n+1) = sV{n)UtV{n)^s{tV{n))UsW{n)Ut{sV{n))UtW{n), 
= s {^V (n)) U s {jV (n)) U t {^V (n)) U t {jV (n)) . 
Prom the partition 

V{n+l) = sV (n) U tV (n) = (s (tV (n)) U sW (n)) U {t (, V (n)) U tW (n)) , 
we conclude 

I V{n+1) \=\t V{n) \ + \W{n)\ + UV{n)\ + \ W {n) \ 
= {\, V (n) \ + UV {n) \ + \W in) \)+ \W in) \ 
= \V{n)\ + \W{n)\. 

□ 

Next wc show that there arc two operations acting on W. 

Proposition 6. (i)Let Ws,Wt be the subsets of monomials in W which end 
in s,t, respectively. Then 

Ws = WtsAVt = {sW)^ 

(a) The function f is strictly monotone increasing. 
Proof, (i) To start with, t & W since s.t^Q^ t.t. 

Let w = w't G W (n) then ws = w'ts ^ and sws = sw'ts, tws = tw'ts are 
both non-zero and so, ws &W [n + 1) 

Let w = w'se W{n). Then wt e W{n + 1) iff wt s\u, t\u. 
It w = tsqt &W {n-\- \) then sqt = v^, w = tv^ and v = tv'; for if t; = sv' then 
= t* and w = t^*, a contradiction. 
Suppose sv = 0; then v = {s\u2n) r = u'r. However, 

U2n = SU' , U2n+1 = t {U2n)^ = *^ {u')^ = 0, 

w = tv^ =t {u'r)^ = t {u')^ r^andtw = 0. 
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Suppose tv = 0; then v — (t\u2n-i) r = u'r. However, 

U2n-1 = tu' , U2n = st {u')^ = 0, 

and sw = 0. 

On the other hand suppose v = v{s,t) G W (k) of type {ks,kt). Then, 



t.v{s,t) J •^v'^.-"/ - yQ 

both non-zero and {sv {s,t))^ is of type (fct, 1 + fcg + ^t) = {kt, 1 + k) has length 
l + l + + 2kt. 

(ii) Since ran (i?) ~ 0, we conclude that / is monotone increasing. □ 

4.5.1. Word types in W. We have seen that the following two transformations 
act on U {0}: 

a : w ^ ws, K : w ^ (sw) , 

where (T^ = and where {{w) | n > 0} is an infinite set for all w E W. Given 
positive integers m,ni,n2---,nm, let q = q {ni,n2.-.,nm) = K^''^aK"'^ ...aK""^ . 

Let C be the set of transformations consisting of e (the trivial operator), a and 
q, aq, qa, crqa for all possible q. Then, W = (t) (. 

Given w € W, let c denote the s-length, d the t-length of w and call = (c, d) 
the type of w. Then {W) C N x N and 

IIH <7|| = {C+I,d), \\{W) k\\ = {d,C + d+l). 

Corresponding to a, A, k, we define operations cr*. A*, k* on Z x Z: 

a* : (c, rf) — > (c+ translation; 
A* : (c, d) {d,c + d), 
K*{=a*X*) : {c,d) ^ {d,c + d+l). 

Then, a* , A* are invertible transformations. Let p* be the group generated by 
cr* , A* . We verify 



{|cr*,(cr*)^*^ = Z X 



and p* is metabclian group, an extension of the normal closure of (a*) by (A*). 
We write A* = [ j ) with respect to the canonical basis of Z x Z, with 



^1 1 ^ 

action on the right hand side. Then as noted before, for any integer i we have 

\ ai ai+i 

where is the ith term of the extended Fibonacci sequence defined by oq = 0, ai = 

1, .... ai = ai_i + ai_2 for i > 2 and a_i = ( — 1)*"''"'^ for i > 1. We gather together 
in the following lemma some facts about the Fibonacci numbers which we will need 
in the sequel. 
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Lemma 11. (Some Fibonacci facts) The following equations hold 
ai + 02 + ... + a„ = a„+2 - 1, 

Ol + ^3 + «5 + ••• + CL2n+l = <l2n+2 

for all integers n>l; 

for all integers m, n. 

We consider within p* the set of words (* corresponding to C- 

For positive integers m,ni,n2---, rim and n = ni+n2 + ... + there are 4 word 

forms in (*: 

K V ...K "(T = (cr ' (cr y ' ... (cr )^ ' K , 

We need to introduce numerical functions Ai (n : rii, n^) , A2 (n : rii, n^) de- 
fined by: 

Ai (n : m, ...,n„) = A2 (n : ni, = for m = 1 

and 

Ai (n : ni, rim,) = C'n-(ni+l) + ^ln-(ni+n2 + l) + ••• + 'Jra-(ni+n2+...+nm-i+l)' 
A2 (n : ni, TIto) = Ctn-m + <In-(ni+n2) + ••• + '*n-(ni+n2+...+nm-i)- 

for m > 1. 

Lemma 12. T/ie functions Ai, A2 satisfy the following properties: 
(i) Ai (n : m, ...,n„) < Ai (n : 1, 1) = I]n-2 = - 1; 
('zzj A2 (n : ni, ...,n„) < A2 (n : 1, 1) = Y.nO'i = (^n+i - 1; 
(Hi) Ai (n : ni, .... rim) = m = 1 or m = 2, rii = n — 1, n2 = 1; 
('wj A2 (n : m, rim) = 4^ m = 1 or m = 2,n = n\; 
(v) A2 (n : m, rim) = 1 m = 2, m = n — 1, n2 = 1; 
fnij /or j = 1,2, 

Aj (n : rii, rim) = A^ (n : 1, 1) <^ rij = 1 for all i; 
(vii) 

A(n : m, ...,nm) = Ai (n : m, ...,nm) + A2 (n : m, ...,nm) 

= On-m + l + a.n-(ni+n2)+l + •" + '^n-(ni+n2 + ---+"m-i) + l — ^"+2 ~ 2/ 
A2 — Ai = a„_(„i+2) + a„_(„i+„2+2) + ••• + flln-(ni+n2+...+nn.-i+5) 

w/iere 5 = 1 if rim = 1 ^ = 2 otherwise; 

(ix) A2 - Ai < a„_„i - 1; 

(x) A2 = Ai iif A2 = Ai = or m = 2, rii = n - 2, n2 = 2. 

In the next two lemmas we determine the image of a word type (c, d) under the 
application of elements of the group Q* . 
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Lemma 13. Let j > 0. Then, 
(c, d) . (cr*)*-'^ ^ = {c + a-j-i,d + a-j), 



{c,d).{K*y = (ttj^ic + ajd + Gj^i — l,ajC + Uj^id + aj^2 — ^) ■ 

(0,1) (k*)^ = (a,+2-l,a,+3-l). 
Proof, (i) 

(c, d) {Xy a* {X*)-' = (c, d) ( '^^-^ ^^1^ ) a* (A*)"^' 



(caj_i + dttj + 1, cttj + dttj+i) 



a-j-i a-j 

= {{caj-i + dttj + 1) a-j-i + {caj + daj+i) a-j, 
{cttj-i + daj + 1) a-j + {caj + daj+i) a_j+i) 

= (caj-iG-j-i + dajtt-j-i + a-j-i + cajU-j + daj+ia-j, 
caj-ia-j + dajG-j + a-j + caja_j+i + rfaj+ia_j_|_i) 

= (c {uj-ia-j-i + ajtt-j) + d {aja-j-i + aj+ia_j) + a_j_i, 
c (aj^ia^j + Gja^j^i) + d {ajtt-j + aj+ia_j+i) + a-j) 

= {c + a-j-i,d + a-j). 

(ii) Since {K*y = a* (ct*)^^*^"""'' (A*)^ we find 

(c, d) {k^ = (c + s-j,d + s-j+r) {X*y 



where 



s-j = a_i + a_2 + ... + a-j, 
-j+i = ao + fl-i + ... + a_j+i. 



Thus 

(c,rf) («;*)■' = {c + s-j,d + s-j+i) 



= {caj-i + daj + {s-jttj-i + S-j+iUj) , cuj + daj+i + {s-jttj + S-j+iUj^i)) 
= {caj-i + daj + ttj+i — 1, CGj + rfaj+i + aj+2 — !)• 

(in) In particular, 

(0,1) (k*)^ = (aj + aj+i - l,aj+i + aj-|_2 - 1) 
= (aj+2 - l,aj+3 - 1). 



□ 



Next, we derive the following more general formulae. 
Lemma 14. 

(i) (c, d) (k*)"^ (T*... (k*)"™ (T* 

= (a„_ic + and + a„+i + Ai (n : ni, n^) , 
a„c + an+id + a„+2 + A2 (n : ni, rim) - 1); 
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(ii) (c, d) (k*)"^ cr*... (k*)"" 

(a„_ic + and + o„+i + Ai (n : m, n^) - 1, 

a„c + a„+id + a„+2 + A2 (n : ni, ...,nm) - 1); 



(Hi) (c, d) a* (k*)"^ (t*... (k*)""' (t* 

(a„_i (c + 1) + a„(i + a„+i + Ai (n : ni, Um) , 

an (c + 1) + an+id + o„+2 + A2 (n : m, rim) - 1); 



('iijj (c, rf) (T* (k*)"^ (T*... (k*)"™ 

(a„_i (c + 1) + a„(i + a„+i + Ai (n : m, n„) - 1, 
an (c + 1) + a„+i(i + a„+2 + A2 (n : rii, - 1). 



Proof. We compute the first formula: 



(c,d)(K*)"V*...(K*)"'"a* = {c,d){a*)^^">'"' {a*)^^"> ((t*)^^*) "(«*)", 

= (c + a_„j_i + a_„i_„2_i + ... + a_„_i, 

d + d— m + O— ni— n2 ••• ^ a—n)i^ 
= (on-i (c + a-m-i + a_„^_„2-i + ••• + 0,-71-1) 

+ ... + a_„) + a„+i - 1, 
+ ... + a_„_i) 
+ ... + a_„) 

+a„+2 - 1) 
= (a„_ic + a„rf + a„+i + 

m — 1 + Q'n— (ni+n2) — 1 "I" •" "I" ''n— (ni+n2 + .--+"m- 

a„c + a„+irf + a„+2 + 

(^n— m "I" '^n— (ni+n2) "I" ••• "I" ^n— (m+n2 + .--+"m-i) ) 

The other formulae can be derived similarly. □ 



On substituting c = 0, d = 1, in the above, we get the following set of possible 
types (c„, dn) and the corresponding lengths of elements of W: 
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(i) (0,l)(K*)"V*...(K*)"'"a* = 



(ii) (0,l)(«*)"V*...(«*r 



(iii) (0,l)(T*(K*)"V*...(K*)""'a* = 



(iv) (0,l)a*(«*ra*...(«*r 



(a„+2 + Ai (n : ni,...,n„), 

a„+3 - 1 + A2 (n : ni, rim)) 
of length (a„+4 - 1) + A (n : m, ...,nm) ; 
(a„+2 - 1 + Ai (n : ni, rim) , 
an+3 - 1 + A2 (n : m, n^)) 
of length (a„+4 - 2) + A (n : ni, n^) ; 
(2a„+i + Ai (n : m, n™) , 
2a„+2 - 1 + A2 (n : ni, rim)) 
of length (2a„+3 - 1) + A (n : ni, ...,?!„) ; 
(2a„+i - 1 + Ai (n : ni, n„) , 
2a„+2 - 1 + A2 (n : ni, ....rim)) 
of length (2a„+3 - 2) + A (n : ni, ...,?!„) . 



4.5.2. Lengths of words and Fibonacci lengths. Suppose an integer A is in the 
range (0, a„+2 — 2). Then, there exists at least one partition ni,...,nm of n such 
that A = A (n : ni, ...,?!„): let afe^ < A < Ofej+i; then ki < n+ 1. Write A in base 
Fibonacci: A = Ofej + a^^ + ... + Ofe^ with r > 1 and fci > ^2 > ••• > > 1- Wc 
call r the Fibonacci length of A. Then r < n : for the maximum Fibonacci length 
of A is fci, in which case, A = afe^ + a^j-i + ... + ai = aki+2 — 1 < cin+2 — 2 and 
therefore, ki < n. Now, the partition (m, of n is determined by 



ni = n — ki + 1, 

ni = n - (ni + 712 + ■•■ + n^-i + fcj) + 1 for 1 < z < r, 

rir = n— {ni +n2 + ... + nr-i + kr) + 1, 

rir+i = n — {ni + ... + rir) . 



Let w €W have length I (w). Let Z (w) lie in the range [a„+4 — 2, a„+5 — 2) for 
n > 0; then n is unique. The length I (w) has four possible forms 

(a„+4 - 1) + A (n : m, rim) , (an+4 - 2) + A (n : m, rim) , 
(2a„+3 - 1) + A (n : m, n„) , (2a„+3 - 2) + A (n : m, rim) ■ 



Each unordered partition ni,...,nm of n produces a A (n : ni,...,nm) which de- 
termines Ai (n : ni, rim) , A2 (n : ni, rim) and thus produces 4 different words 
with lengths in the given range. On the other hand, given an integer I in the 
given range, then at least one of the values I — (a„+4 — 2),l — (a„+4 — I) ,1 — 
(2a„+3 — 2) ,1 — (2a„+3 — 1), call it A, is in the range [0, a„+2 — 2] and therefore 
there exists a partition ni, ...jnm such that A = A (n : ni, ...,n„i). There arc 2"~^ 
unordered partitions of n. Therefore, the number of different monomials w ^ W 
with lengths in the range [a„+4 - 2, a„+5 - 2) is 4.2"~^ = 2"+^. 
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Now we compute, for n > 4 
/ (a„+i - 3) = / (a„+i - 4) + .g (a„+i - 3) 

= / (fln+i - 3 - i) + .g (a„+i - 3 - z + 1) + ... + .g (a„+i - 3) 

= ./ (flri+i - 3 - a„_i) + g (a„+i - 3 - a„_i + 1) + ... + 5 (a„+i - 3) 

= / {an - 3) + (.g (a„ - 2) + ... + g (a„+i - 3)) 

= /(a„-3) + 2"-3 

= /(a4-3) + 22 + ... + 2"-3 
= 2""2 - 1. 
Thus, as g {an+i — 2) = 1, we obtain the desired 

/ (a„+i - 2) = 2"^^. 



1°8(2) 



Hence, by Lemma 9, we have proved the growth type of / equal to n>°s<"), that 



I I l°g(2) 

of F equal to n i°f!(°) and thence the Gelfand- Kirillov dimension of R equal to 



1 



log(2) 
log(a) ■ 



5. Final Comments 



It was shown by M. Vorobets and Y. Vorobets in [14' that, in our notation, 
the group generated by 

is free of rank 3. It would be interesting to know whether the algebra (a, 6, c) is a 
free group algebra. 

With respect to the second ring of this paper, we recall a construction of a 
2-generated ring having its multiplicative semigroup of monomials nil of degree 3, 
which is obtained simply as follows. Consider the free ring F = (a, h) in two gen- 
erators and in it the set M of all monomials in a,b which contain cubic subwords. 
The complement of M contains the Morse- Thue sequence (generated by the substi- 
tution a ah, b —>■ ba) [7]) and is therefore infinite. The linear closure of M in F 
is an ideal and is an infinite ring where each monomial is nil of degree at most 
3. Does the ring jj admit a faithful finite-state representation? 

In the context of this paper, it is important to decide whether there exist 
associative finitely generated infinite nil algebras which are recursive and finite- 
state. V. Petrogradsky [9] and I. Schestakov-E.Zelmanov |12| have produced new 
exciting constructions of nil Lie algebras in finite characteristic, which are generated 
by recursively defined derivations of a polynomial ring. These constructions may 
prove to be relevant to the problem for associative algebras. 

Bartholdi and Reznykov studied in 'W\ the semigroup generated by the recursive 
matrices 

10)' \ t ^ 

with Sij, = tij, = 1 and showed that this semigroup satisfies the identity — w'^ . 

We thank R. Grigorchuk for his insistence on knowing the growth of R2 and 
thank Ricardo Nunes de Oliveira for computer computations which were helpful in 
answering the question. We note that the types of growth for our ring R2 , of the 
Petrogradsky Lie algebra and that of Bartholdi-Reznykov semigroup are all equal. 
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